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ABSTRACT

When a star passes within the Roche limit of a supermassive black hole (SMBH), it is pulled apart by the BH’s
tidal field in a tidal disruption event (TDE). The resulting flare is powered by the circularization and accretion of
bound stellar debris, which initially returns to the BH on eccentric orbits in a thin debris stream. The returning
fluid elements follow inclined orbits that converge near pericenter, resulting in extreme vertical compression to
scales 107 R, and the formation of a nozzle shock. Dissipation at the nozzle shock may affect circularization by
altering the properties of the debris stream, but its role is the subject of ongoing debate. We develop an idealized
model for the debris stream evolution combining 3D smoothed-particle hydrodynamics simulations, the semi-
analytic affine model, and 1D finite-volume hydrodynamic simulations. Because our model is computationally
cheap, we can unambiguously resolve the nozzle shock, use a realistic equation of state, and follow the debris
stream evolution at many different times. Near peak fallback, Hydrogen recombination and molecular Hydrogen
formation broaden the stream by a factor ~ 5, enhancing dissipation at the nozzle. However, the dissipation
is still insufficient to directly circularize the debris by in-plane pressure gradients. Instead, the thicker stream
substantially increases the likelihood that the stream self-intersects on the second orbit, despite relativistic nodal
precession. The stream properties at self-intersection are sensitive to dissipation at the nozzle and the timing of
focal points where the ballistic trajectories of the debris converge. Our results clarify the nozzle shock’s role in

circularization in TDEs, providing a foundation for more realistic circularization and emission models.

1. INTRODUCTION

Stars in galactic nuclei occasionally fall onto nearly-
parabolic orbits that bring them within the Roche limit of
the central supermassive black hole (SMBH), where they are
pulled apart by the BH’s tidal field in a tidal disruption event
(TDE) (Hills 1975; Frank & Rees 1976; Lightman & Shapiro
1977; Rees 1988; Magorrian & Tremaine 1999; Gezari 2021;
Mockler et al. 2025). A portion of the stellar material is bound
to the BH and falls back in a thin debris stream on timescales
of weeks to years (Lacy et al. 1982; Evans & Kochanek 1989).
This fallback powers bright flares in the X-ray (Bade et al.
1996; Komossa & Bade 1999; Saxton et al. 2012), UV (Gezari
et al. 2006, 2008) and optical (van Velzen et al. 2011; Arcavi
et al. 2014; Holoien et al. 2014), with bolometric peak lu-
minosities around 10*erg/s and a characteristic light curve
oc t73/3 (Phinney 1989). The severity of the disruption is char-
acterized by the penetration factor 8 = r(/rp, where r}, is the

pericenter distance of the orbit, r, = R,Q'/3 is the tidal radius,
and Q = M./ M., is the BH-to-star mass ratio.

Although TDEs are rare, with a rate about 10~*/gal /yr, there
are over 100 candidates (see the Open TDE Catalog; Auchettl
et al. 2017). The number of observed events is expected to
grow substantially with new data from the Legacy Survey of
Space and Time/Rubin Observatory (LSST; Ivezi¢ et al. 2019;
Bricman & Gomboc 2020). These data will make TDEs a pow-
erful tool to address broader astrophysical questions. TDEs
can constrain the properties of otherwise quiescent supermas-
sive BHs (Mockler et al. 2019), advancing the study of BH
fueling modes, growth mechanisms, and evolution. TDE rates
and host galaxy properties are sensitive to the kinematics of
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galactic nuclei (Law-Smith et al. 2017; Pfister et al. 2020).
Finally, TDEs are accretion physics laboratories where we can
observe the same BH in different feeding regimes from super-
to sub-Eddington (Dai et al. 2018).

These applications require a detailed understanding of how
properties of the disruption and fallback map onto the observed
flare. Optical/UV emission is typically interpreted as intrinsic
X-ray emission reprocessed by optically-thick outflows (Roth
etal. 2016; Dai et al. 2018). The intrinsic emission is produced
as the stellar debris circularizes (Piran et al. 2015) and then
accretes onto the BH, although only a fraction of the bound
debris may ultimately be accreted (Ayal et al. 2000; Andalman
et al. 2022; Ryu et al. 2023).

Rees (1988) originally proposed that the debris is circular-
ized by the stream-stream collisions. As the debris stream falls
back towards the BH, it is deflected onto a self-intersecting
trajectory by relativistic apsidal precession. At the self-
intersection, the radial velocities of the incoming and out-
going streams are equal and opposite with speeds ~ 0.01¢ (Lu
& Bonnerot 2020) for a 8 = 1 disruption by a 10° My, BH. If
all the energy at the shock could be radiated instantaneously,
it would produce a luminosity 10*3 erg/s for a typical fallback
rate Mg, ~ Mg /yr.

In practice, the radiative efficiency of the self-intersection
is limited by several factors. First, the incoming and outgoing
debris streams may have different widths, so only a fraction
of the fallback material participates in the self-intersection
(Kochanek 1994). Second, if the BH has angular momentum,
then the stream is deflected onto a different orbital plane by
relativistic nodal precession, leading to a vertical offset at
self-intersection or even a complete miss (Kochanek 1994;
Dai et al. 2013; Hayasaki et al. 2016; Jankovic et al. 2024), i.e.
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a “dark year” for TDEs (Guillochon & Ramirez-Ruiz 2015),
delaying the self-intersection for several orbits (Stone & Loeb
2012).

Third, the gas is optically thick, so a majority of the radiation
energy produced at the shock goes into adiabatic expansion, as
seen in local hydrodynamic simulations of the self-intersection
(Lee et al. 1996; Kim et al. 1999; Jiang et al. 2016; Lu & Bon-
nerot 2020; Huang et al. 2023; Jankovic et al. 2024). An alter-
native source of luminosity is secondary circularization and
accretion shocks in the self-intersection outflow, for instance
between fluid elements launched on prograde and retrograde
orbits with respect to the BH (Bonnerot & Lu 2020; Bonnerot
et al. 2021).

The self-intersection may not occur continuously through-
out the duration of the fallback. If the fallback is disrupted
by the self-intersection, then the self-intersection will be mod-
ulated on a timescale of order the Keplerian period at the
self-intersection radius (Sadowski et al. 2016; Curd 2021; An-
dalman et al. 2022). Once a substantial disk forms, the debris
stream can be mixed into the disk by fluid instabilities be-
fore it reaches the self-intersection radius (Andalman et al.
2022; Steinberg & Stone 2024), although the efficiency of this
mechanism depends on the detailed properties of the debris
stream.

Another potentially important effect for circularization oc-
curs at pericenter, prior to self-intersection, where the ballistic
focusing of the orbits acts as an effective nozzle (Evans &
Kochanek 1989; Kochanek 1994). Evans & Kochanek (1989)
showed that the flow converges supersonically, and speculated
that the nozzle might contribute to circularization through the
formation of oblique shocks, altering the orbital velocities.
This process is analogous to ballistic focusing in deep initial
disruptions 8 > 1 (Carter & Luminet 1982; Luminet & Marck
1985; Brassart & Luminet 2008; Stone et al. 2013). In this
sense the returning debris can be thought of as a disruption
with effective penetration factor 8 > 100 (Kubli et al. 2025).
However, even if the nozzle shock does not directly circularize
the debris, it may affect circularization by altering the proper-
ties of the debris stream and therefore the stream-stream and
stream-disk interactions.

Over the past few decades, 3D global simulations have found
that the debris stream broadens significantly after the nozzle
(Lee & Kim 1996; Ayal et al. 2000; Guillochon et al. 2014; Sh-
iokawa et al. 2015; Ryu et al. 2023; Steinberg & Stone 2024).
The broadening is attributed to a combination of differential
apsidal precession across the width of the stream (Evans &
Kochanek 1989; Gafton & Rosswog 2019) and dissipation at
the nozzle shock. However, the latter may be dominated by
numerical dissipation, because the post-nozzle stream width is
not converged at the resolution of most 3D simulations (Price
et al. 2024; Huang et al. 2024).

Bonnerot & Lu (2022) analyzed the nozzle shock in detail
using 2D hydrodynamic simulations of a cross section of the
debris stream in the orbital frame. They found that the nozzle
shock does not produce significant net expansion of the debris
stream. Their result was corroborated by recent 3D smoothed-
particle hydrodynamics (SPH) simulations with 3 10'© parti-
cles (Kubli et al. 2025) (see also Fitz Hu et al. 2025, for an
alternative approaching using adaptive particle refinement).
However, these works do not consider the effects of Hydrogen
(H) recombination and molecular Hydrogen (H;) formation in
the debris stream (Kochanek 1994), which increases the en-
ergy available to be dissipated at the nozzle (Coughlin 2023;

Steinberg & Stone 2024).

In this paper, we develop an idealized model for the debris
stream evolution combining 3D SPH simulations, the semi-
analytic affine model, and 1D finite-volume hydrodynamic
simulations. We draw heavily from previous semi-analytical
work (Kochanek 1994; Coughlin et al. 2016b,a; Bonnerot et al.
2022; Coughlin 2023). Because our model is computationally
cheap, we can unambiguously resolve the nozzle shock, use a
realistic equation of state, and follow the debris stream evolu-
tion at many different times.

In the remainder of this paper, we first (Section 2) describe
each step of our model and justify our assumptions. In Sec-
tion 3, we present the results of our model. In Section 4, we
discuss the implications of our results for debris circularization
and the limitations of our work. We conclude in Section 5.

2. METHODS
2.1. Overview of the model

In the initial disruption, the gas is dense and ionized, so the
stellar debris can be modeled accurately with a y-law EOS.
For this step we use the 3D smoothed-particle hydrodynamics
(SPH) code paANTOM (Price et al. 2018). Accurately captur-
ing the dynamics of the debris’ return to pericenter requires
extreme numbers of particles (Kubli et al. 2025), but accurate
results for the disruption of the star and the formation of a de-
bris stream require at most a few million particles, at least for
low- encounters as we consider here (Norman et al. 2021).

As the debris stream expands and cools, recombination and
H; formation become important. Rather than run multiple
SPH simulations with different EOSs, we follow the debris
stream using the semi-analytic affine model developed by
Kochanek (1994) and refined by Bonnerot et al. (2022). The
affine model breaks down near pericenter due to the formation
of a nozzle shock, which violates the model’s assumption of
homologous evolution. Just before pericenter, we transition
to 1D hydrodynamics simulations in ATHENA++ (Stone et al.
2020). Near the nozzle, the evolution in the orbital plane is
dominated by the gravitational field of the BH. We approxi-
mate the in-plane evolution as ballistic, which makes it trivial
to couple to our 1D simulations. The gravitational field does
not necessarily dominate the in-plane evolution after the noz-
zle, so we map the results back into the affine model to evaluate
the stream conditions at self-intersection.

In Figure 1, we show a schematic diagram of the TDE
problem, highlighting key steps in the evolution of the stellar
debris and our modeling approach. In Sections 2.2, 2.3, and
2.4, we describe our methods for each phase of the evolution.
In Section 2.5, we explain our implementation of a realistic
EOS.

2.2. The initial disruption in PHANTOM

We simulate the initial disruption of a solar-mass star by a
10° My, BH in the SPH code puaNTOM (Price et al. 2018),
which has been widely used in numerical studies of TDEs
(e.g. Coughlin & Nixon 2015; Bonnerot et al. 2016; Coughlin
et al. 2016b; Bonnerot & Lu 2020; Miles et al. 2020; Norman
et al. 2021; Andalman et al. 2022; Cufari et al. 2022; Jankovic
& Gomboc 2023; Jankovi¢ et al. 2024). For shallow TDEs
B < 4, 3D SPH simulations accurately capture the formation
of the debris stream and the spread in orbital energy, which is
underestimated by the standard frozen-in approximation (e.g.
Norman et al. 2021).

We model the SMBH as a Newtonian gravitational potential.
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FiG. 1.— A schematic diagram of the TDE problem, highlighting key steps in the evolution of the stellar debris and our modeling approach: (i) we model the
initial B = 2 disruption of a 1 M, star by a 10° My SMBH using the 3D SPH code pHaNTOM; (ii) the star gets tidally disrupted near pericenter; (iii) once the
stellar debris forms a stream, we use a snapshot of the pHaNTOM simulation to initialize the affine model for the evolution of a stream slice; (iv) the release of
latent heat associated with Hydrogen recombination significantly expands the stream slice; (v) as the stream slice approaches apocenter, it enters the ballistic
regime where its dynamics are dominated by the tidal field of the SMBH; (vi) once the stream slice falls back to 10 r;,, we use the affine model to initialize a 1D
ATHENA++ simulation; (vii) during the second pericenter passage, the stream slice undergoes a nozzle shock and the bulk of the relativistic apsidal precession
occurs; (viii) when the stream returns to 10 rp, we map the ATHENA++ simulation back into the affine model; (ix) due to the previous apsidal precession, outgoing
and incoming stream slices collide at an angle ®g;, dissipating orbital energy and driving circularization. In the bottom of the diagram, we show our coordinate
system with origin r¢ and stream slice orthogonal to &. On the left side, we show an edge-on view of the stream slice from the +Z-direction. On the right side, we
show a face-on view of the stream slice from the +&’-direction. The unit vector X" forms angles @ and & relative to X and £, respectively. H, A, and L describe
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the dimensions of the stream slice in the &, §’, and Z directions respectively.

We include self-gravity using a k-D tree algorithm, comput-
ing self-gravitational forces directly when the opening angle
is > 0.5 (Barnes & Hut 1986, see Price et al. 2018 for details).
We use the standard artificial viscosity switch in PHANTOM (an
adapted version of the switch developed by Cullen & Dehnen
2010, see Price et al. 2018 for details) with the switch applied
to both the @AY and A terms as suggested by Chen & Nixon
(2025). We employ a y-law EOS with pressure related to den-
sity by p = Kp? with adiabatic exponent y = 5/3 appropriate
for an ideal monoatomic gas.

We take the star to have a density profile of that of ann =3
polytrope. The n = 3 polytrope is a good approximation for the
density profile of a partially radiative solar mass star (Golightly
et al. 2019), following the Eddington standard model (Hansen

& Kawaler 1994). Many previous works use n = 1.5 poly-
tropes (Nolthenius & Katz 1982; Bicknell & Gingold 1983;
Evans & Kochanek 1989; Guillochon et al. 2014; Bonnerot
& Lu 2022; Kubli et al. 2025), which are good approxima-
tions for the density profile of fully convective low mass stars
< 0.5 M. We also analyze an n = 1.5 polytrope star and find
no significant change in the qualitative results, so we focus our
attention on the n = 3 polytrope case.

For an n = 3 polytrope with a y = 5/3 equation of state, the
entropy function K increases with distance from the center of
the star to ensure hydrostatic equilibrium. During the PHAN-
oM simulation, we hold the value of K fixed for each particle,
since we do not expect significant shocks during the initial
disruption (Coughlin & Nixon 2022), so any non-adiabatic
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heating would be largely a numerical rather than a physical
effect.

To initialize the star, we place 16 X 100 particles with a uni-
form distribution in spherical polar angles (equal probability
in azimuth and cosine of the zenith angle) and a radial distri-
bution that matches the radial density profile of the polytrope.
This configuration of particles is relaxed in isolation for 10 dy-

namical times (1/R} /G M) of the star with a damping force.
By this time the total kinetic energy has reduced to just below
1077 of the total thermal energy of the star.

The relaxed star is then placed in the gravitational potential
of the SMBH. The star is positioned with its center of mass at
a distance of 5 r; from the SMBH. We chose the velocity such
that the center-of-mass is on a parabolic orbit with pericenter
distance r, = r¢/$3, where f8 is the penetration factor. We use
a penetration factor 8 = 2, because n = 3 polytropes are only
partially disrupted for 8 = 1 (Guillochon & Ramirez-Ruiz
2013).

We take a snapshot of the simulation after 2.7 hr when the
star reaches a distance 10 r;, from the SMBH after the disrup-
tion. We record the position r, velocity v, density p, pressure
p, and smoothing length ¢ of each SPH particle. From the
position and velocity, we compute the specific orbital energy
and angular momentum. Bound particles £ < 0 fall back to
the SMBH after one orbital period, ty, = 271G M,(-2¢) /2.
We use these data to initialize the affine model described in
the following subsection.

2.3. The affine model

The affine model is an expansion of the fluid equations
about the center of each stream slice, assuming homologous
evolution. The model is affine because the transformation
between the initial and final coordinates of any fluid element
is linear in orbital frame. In the affine model, we describe a
stream slice by its thickness L, in-plane width A, and vertical
width H (Fig. 1), so the stream slice density scales as p «
(LAH)~!. The gas obeys an EOS defined by adiabatic indices
I'N=0lnp/dlnpl|sandT’3 = 1+91InT/d In p|,, which we use
to evolve the entropy proxy K = p/p>/ and the temperature
respectively. We denote dimensionless quantities with a hat,
defined by dividing each variable by its initial value. We
work in a rotating coordinate system r’ where X’ (resp. ¥) is
oriented parallel (resp. perpendicular) to the long axis of the
debris stream and evolves due to tidal torques.

We briefly highlight how our version of the affine model dif-
fers from Kochanek (1994) and Bonnerot et al. (2022), leaving
the more complete description to Appendix B. In compari-
son to Kochanek (1994): we use a Newtonian rather than a
pseudo-Newtonian potential for the BH; we evolve the en-
tropy proxy rather than the specific internal energy; and we
don’t include viscous heating. In comparison to both works,
we assume a stream density profile obtained by linearly scaling
a hydrostatic cylinder. This gives the numerical prefactor in
the pressure gradient force, similar to Coughlin (2023). We
also set up our model to interface with an arbitrary EOS. The
affine model equations become stiff at the nozzle due to ex-
treme vertical compression, so we use an implicit Sth-order
Runge-Kutta method of the Radau IIA family as implemented
by scipy.integrate.solve_ivp.

We use snapshots of our pHANTOM simulations at 2.7 hr to
initialize the affine model for each stream slice. We discard
particles with large smoothing lengths > 0.003 r,, which con-

tribute most to the numerical error (noise) in the subsequent
binning procedure, roughly 1% of the 16 x 10° particles. We
bin the remaining particles by their specific orbital energy.
From each bin, we select the 64 highest-density particles to
represent the center of the stream slice and compute their mean
position r., velocity v, density p., and pressure p.. The num-
ber 64 is similar to the typical number of neighbor particles
that contribute to the default smoothing kernel in PHANTOM
(58 for the cubic spline kernel Price et al. 2018). We fix
Zc = vzc = 0, since we expect the center-of-mass orbits to lie
in the xy-plane by symmetry.

‘We combine the data from all bins to construct arrays that de-
scribe fluid quantities along the long axis of the debris stream.
We smooth the resulting arrays with a 100 element Gaussian
to reduce noise. In the smoothed arrays, the radial coor-
dinate increases monotonically with specific orbital energy.
We compute £ = —0r./de and 9,{ = —3dv./0e using first-
order finite differences and construct the primed coordinates
X =¢/¢and § = Z x X', from which we compute the affine
model orbital parameters A, Q, and « (Fig. 1). At each coor-
dinate along the stream, the stream slice plane is defined by
cosa(x —x.) +sina(y — y.) = 0. We select the 2! = 16384
particles closest to the slice plane as members of the stream
slice.

As mentioned earlier (Sec. 2.2), the initial entropy in the
star is stratified as K = p/p>3 « p~'3. However, within
each stream slice, K is maximized at the center, so devia-
tions from the central value are second order in cylindrical
radius. Therefore, we can reasonably approximate the initial
entropy in each stream slice as a constant (Coughlin 2023).
This implies that the stream slice density profiles satisfy the
cylindrical Lane-Emden equation (Eq. B8) with Emden index
n =15 = 1/(5/3 - 1), assuming that stream slices reach
cylindrical hydrostatic equilibrium after the disruption. As a
post hoc justification, such profiles closely match the stream
slice density profiles in the simulation, especially at small
cylindrical radii.

Our affine model equations are dimensionless, so the abso-
lute scale of the stream slice dimensions is a degree of freedom.
We chose the initial £ = 1, which means that pressure gradi-
ents and self-gravity are balanced for H = A = 1 (Egs. B13
and B16). We determine the dimensionless stream widths
by fitting a cylindrical polytrope density profile to the stream
slice particles. The profile is scaled by A and A relative to the
equilibrium width @je&max-

We minimize an {;-norm loss function us-
ing the Nelder-Mead method as implemented in
scipy.optimize.minimize (Gao & Han 2010). We
allow an offset in the y’-direction, which is typically small
relative to A. We determine GtI:I, 6,&, and ¥ using the
maximum likelihood slope of the appropriate velocity and
position components for particles in the stream slice. At the
end of this procedure, we have a full set of initial conditions
for the affine model.

2.4. The returning debris in ATHENA++

As the bound stellar debris returns to pericenter, it under-
goes extreme vertical compression and a nozzle shock. Shock
formation cannot be captured by the affine model because it
breaks the assumption of homologous evolution. We model
this phase of the evolution using 1D simulations in the hydro-
dynamics code ATHENA++, representing the central column of
each stream slice. These simulations are coupled to the affine



model describing the in-plane evolution.

ATHENA++ evolves fluid variables on a discrete mesh ac-
cording to the Euler equations. We use ATHENA++’s de-
fault MUSCL-Hancock scheme, a second-order Godunov
method, with the Harten-Lax-van-Leer-Contact (HLLC) Rie-
mann solver (Harten et al. 1983). The problem is symmetric
about the orbital plane, so we impose a reflective inner bound-
ary at z = 0. For the outer boundary at z = 0.5, = 25 Rg, we
impose a Neumann boundary condition. We use 2'* = 16384
logarithmically spaced cells with a ratio 1.00062, which re-
sults in a cell size Az ~ 1.2 x 1078 r, ~ 7.0 x 1077 Ry, at the
center of the stream slice.

In one dimension, the Euler equations are,

U+, F =8 (1)

where the conserved variables are U = [p, pv, (1/2)v? + e],
the fluxes are & = [pv,pv? + p, (1/2)pv? + v(e + p)],
and e is the internal energy density. The source terms
S = [S,, Smoms Skin + Sim] include contributions from the

tidal acceleration @, = ~GM,z/r? and the in-plane evolution,
parameterized by the dimensionless in-plane area A = LA,

S, = —pdInA 2)
Siom = pa; — pvo, InA 3)
Skin = pva; — (1/2)pv*6,In A )
Sim = — (1 + p/e)ed; In A 5)

The factor 1 + p/e in the thermal energy source term en-
sures that the in-plane evolution is adiabatic, since 1 + p/e =
0dlne/d In p|s from the first law of thermodynamics. We don’t
include a source term contribution from self-gravitational ac-
celeration because it is negligible relative to the other source
terms at the start time of the ATHENA++ simulations.

The ATHENA++ simulations run from when the stream slice
falls back to 10 r;, in the affine model to when it returns to 10 7,
after the nozzle. We use the affine model to precompute 7, A,
and 9, A. During the simulation, we linearly interpolate from
these arrays to calculate the source terms. For each stream
slice, we set up an n = 1.5 cylindrical polytrope density and
pressure profile using H and K from the affine model. We
set the initial velocity in each cell according to homologous
collapse v, = (8, H/H)z.

We floor density and pressure at 107'M,/ry ~ 4.7 x
10~5g/cm? and 1072GM? /ry =~ 0.18 erg/cm? respectively.
We track the floor material using a passive scalar mask which
is equal to unity in the physical region and exponentially falls
to zero in the floor region. We use this mask to avoid applying
source terms to floor material. This avoids issues at the outer
boundary where tidal acceleration would otherwise create an
evacuated region.

We use the conditions at the end of the ATHENA++ simula-
tions at 2.7 hr to reinitialize the affine model. Initializing too
soon < 1 hr after the nozzle produces inaccurate results be-
cause the evolution in ATHENA++ immediately after the nozzle
is far from homologous; in particular, we tend to underestimate
the central pressure at late times compared to the ATHENA++
simulation. However, initializing too late > 1 day might miss
substantial deviations from ballistic in-plane evolution.

We refer to the affine models initialized from the PHANTOM
and ATHENA++ snapshots as the first and second affine models
respectively. We compute A from the central density via
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H = (po./ pe)A and use numerical differentiation to compute
the time derivative. We use the central density and pressure
to compute the entropy proxy and temperature. We take the
values of other quantities from the first affine model.

2.5. Equations of state

Most numerical studies of TDEs assume a y-law EOS
p « p? with adiabatic exponent y = 5/3 appropriate for
an ideal monoatomic gas. However, changes in ionization
state and chemical composition modify the thermodynamics
of the debris stream. Partial ionization states are associated
with low adiabatic indices I » 1+ 2kgT/y (Cox 1963; Kasen
& Ramirez-Ruiz 2010), where y is the ionization energy, be-
cause pdV work goes into changing the ionization state rather
than changing the temperature and pressure. Similar reasoning
applies to transitional states in a chemical reaction.

Our formulation of the affine model supports arbitrary EOSs
given expressions for the effective adiabatic indices as a func-
tion of density and temperature. We use two additional EOSs.
Our first EOS accounts for H recombination and ionization us-
ing the Saha equation. Our second EOS additionally accounts
for Helium (He) recombination and ionization, H, formation
and dissociation, and radiation pressure using the partition
function from Tomida et al. (2013) (hereafter T+13). We
implement the second EOS in Athena++ using the built-in
general EOS module (Coleman 2020).

As the stellar debris leaves pericenter, it expands and cools
adiabatically, eventually reaching temperatures ~ 10* K where
H recombination occurs (Kochanek 1994; Kasen & Ramirez-
Ruiz 2010; Coughlin 2023). The recombination energy (yuy =
13.6 eV per Hydrogen atom) can do pdV work to expand
the stream, increasing the energy available to dissipate at the
nozzle shock (Steinberg & Stone 2024). From the first law of
thermodynamics and the Saha equation, the adiabatic indices
are,
1+2(3/2 +un) f(xi) — (3/2) f (xi)

(3/2) + (3/2 + un)* f (xi)
1+ B2+ ) ()

(3/2) + (3/2 +un)* f (xi)
where xi = n./ny is the ionization fraction, uy = yu/kg7,
and f(x;) = x;(1 = x;)(2 = x;))~'(1 + x;)~!. Our Equation 7
is equivalent to Equation 16 of Kasen & Ramirez-Ruiz (2010)
when He ionization and radiation are ignored.

If there is a significant He fraction, then He will also re-
combine at higher temperatures (Kochanek 1994; Kasen &
Ramirez-Ruiz 2010). We assume a He fraction ¥ = 0.3
close to the solar value. At lower temperatures, we expect
H; to form via the three-body reaction 3H — H, + H. The
reaction occurs quickly relative to the local dynamical time
(Kochanek 1994; Forrey 2013), so we assume H is in statis-
tical equilibrium with the other species. Later, we show that
H; formation maintains a temperature > 3000 K in the debris
stream (Fig. 12), preventing the formation of dust that would
otherwise dramatically enhance the opacity (Kochanek 1994).
Radiation pressure should also be accounted for at the nozzle
shock, where it becomes significant relative to gas pressure.

Including these effects makes the EOS expensive to compute
on-the-fly. Instead, we use the tabulated EOS of T+13, orig-
inally developed for simulations of protostellar cores. Later
works used the same EOS in simulations of binary stars (Pejcha
et al. 2016) and TDEs (Steinberg & Stone 2024). In their Ap-
pendix 1, T+13 provide the partition function that includes the

(6)

1—‘l,Saha =1+

(M

I'3,5ana =
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relevant chemical processes. At high densities p > 0.1g/cm?,
this treatment of the EOS becomes inaccurate due to interac-
tions between particles, quantum effects, pressure ionization
of Hydrogen, and contributions from other chemical species.
However, even at the nozzle shock, the stream slice density
never rises significantly above this threshold. We modify the
partition function to include the contributions to the pressure,
internal energy, and entropy from radiation similar to Pejcha
etal. (2016). In Figure 2, we show our tables for mean molec-
ular weight and adiabatic index I';.

In their Appendix 1, T+13 describe the procedure for com-
puting thermodynamic variables from the partition function.
We use this procedure to generate tables of the first and second
derivatives of the partition function over a grid of densities and
temperatures. We compute second derivatives of the partition
function by numerical differentiation rather than root-finding.
All other thermodynamic variables can be derived from the
partition function derivatives. The code to generate our tables
is available online.!

We use ATHENA++’s built-in general EOS module (Coleman
2020) to run simulations with the T+13 EOS. We invert our
EOS table numerically to generate the required inverted ta-

bles: log(p/&)[log p,log&], log(e/p)[log p,log(p/p)], and
logI't [log p, log(p/p)].

At low temperatures < 85 K, the internal energy density
asymptotes to the zero-point energy (ZPE) associated with the
vibrational mode of H,. These temperatures are never reached
by the debris stream, but they are occasionally reached in
the floor material. This makes it difficult to invert the EOS
because the temperature is a weak function of the internal
energy density. As a work-around, we subtract the ZPE from
the internal energy density in the EOS table.

3. RESULTS
3.1. Initial disruption results

We use snapshots of our pHANTOM simulations at 2.7 hr to
initialize our affine model calculations. In the first couple days
after the disruption, pressure gradient and self-gravitational
forces along the direction of tidal elongation still have some
effect (Kochanek 1994). Ideally, we would initialize the affine
model using a snapshot > 50 hr, when we expect the specific
orbital energy distribution to fully converge (Fancher et al.
2023). However, the later snapshots occur after significant H
recombination, especially for the most bound stream slices.
By initializing the affine model with the snapshot at 2.7 hr, we
capture all of the H recombination and accept small errors in
the final orbits of the debris.

In Figure 3, we show the density in the xy-plane in 4 snap-
shots at 2.7, 11, 33, and 168 hours. As a test of our procedure,
we initialize the same stream slice with different snapshots
and evolve them using the affine model with a y-law EOS
(not shown). The evolution of orbital parameters A, Q, and
a is independent of the snapshot used in the initialization.
However, the stream width evolution is sensitive to the initial
snapshot because the amplitude of quadrupolar oscillations
(Sec. 3.2) evolves over the pHANTOM simulation due to inter-
ference with other oscillation modes not captured by the affine
model (Nixon et al. in prep.). We leave the detailed character-
ization of stream oscillations to future work, acknowledging
that there is some uncertainty in our stream widths associated
with our choice of initial snapshot.

! zandalman.com/publications/Andalman+2026a/.

In Figure 4, we show the mass fallback rate as a function
of time and specific orbital energy. We express the fallback
rate in physical units and units of the Eddington accretion rate
given by

Lgg

d dnGMomyc
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where ¢ =~ 0.1 is a fiducial radiative efficiency, m,, is the

proton mass, op = 6.65 x 1072 ¢cm? is the Thompson scatter-
ing cross section, and Mg = M, /10°M,. The peak fallback
rate 160 Mgqq occurs 27 days after the pericenter passage,
corresponding to orbital energy —0.0067 GM,/r,.

We initialize 29 stream slices at linearly spaced specific or-
bital energies from —0.0105 to —0.0035G M, /r, represented
by dots in Figure 4. We treat the stream slice with specific
orbital energy —0.00675 GM, /r, as a fiducial case, because
it lies close to the peak fallback specific orbital energy.

In the initial snapshot, the stream maintains a constant width
of about a solar radius, except near the bound tail, where it
broadens to a few solar radii. Most stream slice profiles are
close to an n = 1.5 cylindrical polytrope with the same central
density and pressure, giving initial A ~ A ~ 1. However,
the most bound stream slices £ < —0.008G M, /r, have larger
initial in-plane widths by up to a factor of a few. These stream
slices have lower densities and enter the ballistic regime at
smaller radii, so they are more susceptible to tidal stretching in
the early post-disruption phase, when the stream slice normals
are nearly perpendicular to the radial direction.

3.2. Affine model evolution on the first orbit

After the initial disruption, we evolve the stream slices us-
ing the affine model. In Figure 5, we show the evolution
of the stream widths on the first orbit for the fiducial stream
slice. Chemical processes augment pressure gradients and
promote stream expansion by keeping the debris stream hot
as it expands, or equivalently, by lowering the effective adi-
abatic index (App. A). Including H recombination increases
the maximum stream widths by a factor ~ 5. Including other
chemical processes adds an additional order-unity factor. The
vertical gravitational potential energy at the maximum vertical
stream width is equivalent to the kinetic energy available to
dissipate at the nozzle, so we expect a much stronger nozzle
shock when H recombination is included (Steinberg & Stone
2024).

With a y-law EOS, the stream widths oscillate out-of-phase
about their quasi-equilibrium values during the hydrostatic
regime. These oscillations correspond to the m = 2 quadrupo-
lar oscillations identified in previous work on the debris stream
(Kochanek 1994; Coughlin et al. 2016b,a; Bonnerot et al.
2022; Pacuraru et al. 2025), which are seeded by the ini-
tial disruption. The oscillation period is roughly constant in
logarithmic time. This is consistent with Coughlin (2023)’s
analysis of the m = 0O breathing mode, which showed that
the oscillation is overstable. Other stream slices (not shown)
also exhibit oscillations, except for the most bound stream
slices, which enter the ballistic regime before the first oscilla-
tion. With the other EOSs, the oscillations are overpowered
by stream expansion driven by chemical processes.

The initial disruption can also seed perturbations along the
length of the stream, which can lead to the fragmentation of the
stream into self-gravitating clumps (Coughlin & Nixon 2015).
Coughlin et al. (2016a) argue that the stream is stable to frag-
mentation for adiabatic indices I'j < 5/3, supported by the
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FiG. 2.— Contour plots of mean molecular weight (left panel) and effective adiabatic index I'j = dln p/dInp|s (right panel) as a function of density and
temperature using the T+13 EOS. In the left panel, we label different regions based on the dominant chemical species: (i), Ht and He* (dark blue, u =~ 0.62);
(ii), H* and He™ (light blue, u =~ 0.65); (iii), H* and He (green, u =~ 0.68); (iv), H and He (orange, u ~ 1.29); and (v), H, and He (red, u = 2.35). In regions
of partial ionization or dissociation, the effective adiabatic index approaches unity because pdV work goes into the chemical reaction rather than changing the

temperature and pressure.

100

80

60

y [rpl

40

20

—200 —150

—100
x [rp]

logp [g/cm?]

-50 0

Fi16. 3.— The logarithmic density in the xy-plane averaged over the z-direction and weighted by mass from our simulation of the initial disruption in PHANTOM.
In the main panel, we superimpose snapshots at 2.7, 11, 33, and 168 hours. In the inset panels, we show a zoom-in of each snapshot centered on the marginally
bound debris. Each inset panel has a side length 2 r;,. We indicate the SMBH using a white dot and an annotation. After the initial disruption, the tidal field
elongates the stellar debris into a quasi-cylindrical structure which is well-described by the affine model. We use the snapshot at 2.7 hr to initialize our affine

model calculations.

SPH simulations of Coughlin et al. (2016b) at different adia-
batic indices. This condition is always satisfied with a realistic
EOS, so we consider fragmentation unlikely in the bound de-
bris. Fragmentation occurs more readily in the unbound debris
once it becomes optically thin enough for significant radiative
cooling.

In Figure 6, we show the dimensionless acceleration associ-
ated with each term in affine model Equations B13 and Bl6asa
function of time for the fiducial stream slice with a T+13 EOS.
In this section, we focus on the left panels, which cover the first
orbit of the debris. In the hydrostatic regime, pressure gradient
and self-gravitational forces are initially balanced. However,
once H recombination begins, pressure gradient forces dom-
inate by a factor of a few. About 5 days after the disruption,

the stream slice transitions to the ballistic regime, where the
tidal force dominates and the stream width accelerations be-
comes negative. After this point, self-gravity never becomes
dynamically relevant again.

In Figure 7, we show the evolution of the dimensionless
entropy proxy, mean molecular weight, and effective adiabatic
indices for the fiducial stream slice with Saha ionization and
T+13 EOSs. The stream slice completes H recombination at
radii < 100 r, and remains neutral until the nozzle. With a
T+13 EOS, the stream slice continuously forms or dissociates
Hb, keeping the effective adiabatic indices low. This lets H,
formation drive stream expansion even after all the Hydrogen
has recombined.

The stream widths on the first orbit depend on how much H
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Fic. 4— The mass fallback rate as a function of time (bottom x-axis)
and specific orbital energy (top x-axis) in units of Mg /yr (left y-axis) and
Eddington accretion rate (right y-axis) from our PHANTOM simulation. Each
dot corresponds to a stream slice we simulate using the affine model and
ATHENA++. The peak fallback rate 160 Mggq occurs 27 day after the star
passes pericenter, corresponding to orbital energy —0.0067 G M, /r,.
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FiG. 5.— The vertical (H; solid lines) and in-plane (A; dashed lines) stream
widths as a function of time for the fiducial stream slice on the first orbit.
We show results with y-law (blue lines), Saha ionization (orange lines), and
T+13 EOSs (green lines). We also show the orbital radius (grey line). Chem-
ical processes augment pressure gradients and promote stream expansion by
keeping the debris stream hot as it expands. Including H recombination in-
creases the maximum pre-nozzle stream widths by a factor ~ 5. Including
other chemical processes adds an additional order-unity factor.

recombination and H, formation occur during the hydrostatic
regime when the stream width is most sensitive to pressure.
With a T+13 EOS, the maximum stream widths on the first
orbit increase monotonically with fallback time because less
bound stream slices spend more time in the hydrostatic regime.
Chemical processes still drive some expansion in the ballistic
regime because the ratio of pressure gradient to tidal forces
increases as the stream slice recedes to apocenter if ['] < 1.2
(App. A).

In Figure 8, we show the density evolution for 15 stream
slices with y-law and T+13 EOSs. We separate the evolution
into hydrostatic and ballistic phases by comparing the relevant
terms in affine model Equations B13 and B16. The stream
slices enter the ballistic regime close to where their density
drops below the BH density p, = M,/(27r®) (App. A). In
the hydrostatic regime, the stream slice and BH densities have
the same scaling with radius for a y-law EOS, so they do not
enter the ballistic regime until apocenter. With the T+13 EOS,
the rapid expansion triggered by H recombination moves the
transition to the ballistic regime before apocenter.

For a y-law EOS, the most bound stream slices in Figure 8
show density peaks at large radii during their return to the
BH. These peaks correspond to ballistic focal points, which
we define and analyze in Section 3.5.
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Fic. 6.— The dimensionless acceleration associated with each term in the
affine model equations for H (top panels) and A (bottom panels) as a function
of time, with respect to the pericenter passage, on the first orbit for the fiducial
stream slice with a T+13 EOS. The contributions include tides (blue lines),
pressure gradients (orange lines), and self-gravity (green lines). We also show
their sum (red lines). Positive and negative contributions are indicated by solid
and dashed lines respectively. In the right panels, we zoom in on the evolution
near the nozzle using data from the ATHENA++ simulations. In the hydrostatic
regime, pressure gradient and self-gravitational forces are balanced. In the
ballistic regime, the tidal force dominates. The vertical collapse at the nozzle
takes place over seconds.
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Fi. 7.— The dimensionless entropy proxy K o« p /ps/ 3 (top panel), mean
molecular weight (middle panel), and effective adiabatic indices (bottom
panel) as a function of radius in the affine model for the fiducial stream
slice. In each panel, we indicate the initial conditions (IC) with an annotation.
We show results with Saha ionization (orange lines) and T+13 (green lines)
EOSs. For both EOSs, the stream slice completes H recombination near
100 rp and remains neutral until the nozzle. For the T+13 EOS, the stream
slice continuously forms or dissociates Hp. Therefore, H, formation drives
stream expansion even after all the Hydrogen has recombined.
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FiG. 8.— The density as a function of radius in the affine model for 15 stream
slices. We indicate the fallback time relative to peak of each stream slice by its
color in the color bar. We distinguish between the hydrostatic (dashed lines)
and ballistic (solid lines) phases of the evolution. We show results with y-law
(top panel) and T+13 (bottom panel) EOSs. For the T+13 EOS, we indicate
the completion of H recombination (red stars). In each panel, we plot the BH

density pe = M,/ (27r3). Most stream slices enter the ballistic regime close
to where their density drops below the BH density. The most bound stream
slices are already in the ballistic regime in the pPHANTOM snapshot used to
initialize the affine model.

For the T+13 EOS, we indicate the completion of H recom-
bination with a red star. H recombination completes at later
times for less bound stream slices due to their higher initial
temperature, but earlier times relative to the transition to the
ballistic regime. The least bound stream slices are completely
neutral by the same they enter the ballistic regime.

3.3. Nozzle shock formation and evolution

When the stream slice reaches 10 r;, on its way back to the
SMBH, we use the affine model to initialize our 1D ATHENA++
simulations. In Figure 6, we zoom in on the evolution near
the nozzle. At the nozzle, vertical pressure gradients grow
until they reverse the collapse. The reversal takes place over
seconds, a small fraction of the orbital period of 26 days. Due
to shock dissipation, the pressure after the nozzle is greater
than before the nozzle. In the plane, the pressure gradient force
increases at the nozzle but never dominates the contribution
from tides. This justifies our use of the first affine model to
describe the in-plane evolution in the ATHENA++ simulations,
which does not capture the effect of dissipation.

At the nozzle, the vertical stream width is 10~# Ry (resp.
2 x 107* Ry) and the in-plane stream width is 3.0 Ro (resp.
0.6 Rp) with a T+13 (resp. y-law) EOS. This vertical stream
width is smaller than the value 10~ R, reported by Bonnerot
& Lu (2022) due to stronger tidal forces in our 8 = 2 disruption
compared to the 8 = 1 disruption they consider.

In Figure 9, we show the density profiles in the Athena++
simulations at 17 snapshots for the fiducial stream slice with a
T+13 EOS. Before the nozzle, a shock forms and propagates
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FiG. 9.— The density as a function of vertical height at 24 snapshots in the
ATHENA++ simulations for the fiducial stream slice with a T+13 EOS. We
show 12 profiles before (top panel) and after (bottom panel) the nozzle. We
indicate the time of each profile by its color in the color bar. The snapshots
and the color bar are concentrated near the nozzle, where the evolution is most
rapid. Before the nozzle, a shock forms and propagates towards the center
of the stream slice, where it collides with the shock from the other side of
the xy-plane. The resulting dissipation launches outward-propagating shocks
that rapidly reach the surface of the stream slice and break out. At the nozzle,

the vertical height of the stream is 107* R

towards the center of the stream slice, where it collides with
the shock from the other side of the xy-plane. The resulting
dissipation launches outward-propagating shocks that rapidly
reach the surface of the stream slice and break out, analogous
to shock breakout in the initial disruption for deep encounters
(Carter & Luminet 1983; Guillochon et al. 2009; Yalinewich
et al. 2019). The shock breakout removes material from the
surface of the stream slice, producing a shallower outer density
profile compared to before the nozzle.

The nozzle shock can alternatively be analyzed from a La-
grangian perspective. In Figure 10, we show the properties
at several Lagrangian mass coordinates as a function of time
near the nozzle in the ATHENA++ simulations for the fiducial
stream slice with a T+13 EOS. We interpolate the tempera-
ture, specific entropy, and mean molecular weight from the
EOS table. The central density and temperature at maximum
compression reach 0.05 g/cm? and 13 MK respectively, com-
pared to 3.4 x 1073 g/cm? and 42000 K just before maximum
compression.

At the shock front, the locations of different mass coordi-
nates converge due to the discontinuity. Mass coordinates
# 0 encounter the shock twice: first as it propagates inward
before the nozzle and second as it propagates outward after
the nozzle. Each shock encounter is associated with a nearly
instantaneous increase in entropy. The fluid elements at every
mass coordinate are ionized by the first shock encounter. This
alters the shock jump conditions, allowing the compression ra-
tio to exceed the usual factor 4 for strong shocks with adiabatic
index y = 5/3.

Fluid elements at larger mass coordinate have larger neg-
ative vertical velocities, but all fluid elements have smaller
negative vertical velocities than the inward-propagating shock.
Therefore, in the shock frame, fluid elements at larger mass
coordinate have smaller positive velocities and longer shock-
crossing times. A long shock-crossing time explains the more



10

gradual increase in entropy during the first shock encounter
for the fluid element at the largest mass coordinate.

As the shock rebounds from the center of the stream slice, the
other fluid elements are still collapsing with negative vertical
velocities. Therefore, in the shock frame, fluid elements at
larger mass coordinate have larger negative velocities.

The range of shock Mach numbers across fluid elements
is primarily due to the differences in shock frame velocities,
since the differences in upstream sound speeds are relatively
smaller. Therefore, at larger mass coordinates, there is less
dissipation at the first shock encounter and more dissipation
at the second shock encounter. These effects balance to give a
similar net entropy increase at all mass coordinates.

When the outward-propagating shock breaks out, it launches
a pressure wave back towards the center of the stream slice,
where it collides with the wave from the other side of the
xy-plane, producing a second peak in the central density and
temperature. However, these pressure waves never steepen into
shocks, and thus do not contribute to the energy dissipation.

3.4. Energy dissipation at the nozzle

The shock dissipates kinetic energy associated with the ver-
tical compression in favor of thermal energy. In Figure 11,
we show contributions to the 1D integrated energy density as
a function of time in the ATHENA++ simulations for fiducial
stream slice with a T+13 EOS. The contributions include ki-
netic energy, thermal energy, and source terms from tides and
in-plane evolution. The kinetic and thermal energy contri-

butions are f (1/2)dzpv§ and f dze respectively. For each
source term S;, the contribution is f dr f dzS;. Their sum,

the total energy, is conserved to with one part in 10°, except
at the shock where energy conservation is violated by a few
percent due to operator splitting between the advection and
source terms.

As the stream slice returns to pericenter, the tides do work to
increase the kinetic energy. At the nozzle, kinetic and thermal
energy are exchanged by the shock, ultimately increasing the
thermal energy by a factor of about 20. As the stream slice
leaves pericenter, the tides do work to decrease the kinetic
energy.

In Figure 12, we show the evolution of the fluid element at
the center of the fiducial stream slice in temperature-density
phase space in the affine model and ATHENA++ simulations. In
this phase space, the logarithmic slope is equal to the effective
adiabatic index I's — 1. For the y-law EOS, adiabats follow
p o T3, The initial temperatures differ for the different EOSs
because the initial density and pressure are fixed.

The stream slice evolves along an adiabat during the first
orbit, expanding as it passes through apocenter and compress-
ing as it returns to the BH. At the nozzle, shock dissipation
moves the debris stream to a higher-entropy adiabat, on which
itevolves during the second orbit. The nozzle shock is stronger
for the T+13 EOS, so the entropy increases by a larger amount
compared to the y-law EOS.

During chemical processes, the adiabats are steeper, so the
temperature stays nearly constant over a large range in density.
For the T+13 EOS, H; formation maintains a gas temperature
2 3000 K on the first orbit and H recombination maintains a
gas temperature > 6000 K on the second orbit. For the T+13
EOS, the pressure at the nozzle has a significant contribution
from radiation pressure, with S,q =~ 0.44.

We quantify the dissipation using the change in specific
entropy at the center of the stream slice As.. In Figure 13, we
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FiG. 10.— The vertical coordinate (first panel), density (second panel),
temperature (third panel), specific entropy (fourth panel), and mean molecular
weight (fifth panel) at several Lagrangian mass coordinates as a function of
time near the nozzle in the ATHENA++ simulations for the fiducial stream
slice with a T+13 EOS. In the first panel inset axes, we zoom in near the
nozzle and indicate the shock front in red. We indicate the value of each
mass coordinate by its color in the color bar above the first panel. The
central density and temperature at maximum compression reach 0.05 g/cm?
and 12 MK respectively. Mass coordinates > 0 encounter the shock twice:
first as it propagates inward before the nozzle and second as it propagates
outward after the nozzle. Each shock encounter is associated with a nearly
instantaneous increase in entropy. There is a similar net entropy increase at
all mass coordinates due to opposite trends in shock frame velocity vs. mass
coordinate at each shock encounter.
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FiG. 11.— The contributions to the 1D integrated energy density as a function
of time in the ATHENA++ simulations for fiducial stream slice with a T+13
EOS. The contributions include kinetic energy (blue line), thermal energy
(orange line), and source terms from tides (green line) and in-plane area
evolution (red line). We also show their sum, the total energy (purple line).
In the inset panel, we show a zoom-in of the evolution near the pericenter
passage, with the y-axis on a log scale. At the nozzle, kinetic and thermal
energy are exchanged by the shock, ultimately increasing the thermal energy
by a factor of about 20.
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FiG. 12.— The evolution of the fluid element at the center of the fiducial
stream slice in temperature-density phase space in the affine model (solid
lines) and ATHENA++ simulations (dashed lines). We show results for y-
law (blue line) and T+13 (green line) EOSs. For the T+13 EOS, we also
show adiabats (grey lines). For the y-law EOS, adiabats follow p o T2/3.
Starting from the initial conditions (IC; 1), the stream slice evolves along an
adiabat during the first orbit, expanding as it passes through apocenter (2) and
compressing as it returns to the BH. At the nozzle, shock dissipation moves
the debris stream to a higher-entropy adiabat (red arrows), on which it evolves
during the second orbit, expanding as it passes through apocenter (3).
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FiG. 13.— The change in specific entropy for the fluid element at the center
of the stream slice in the ATHENA++ simulations as a function of stream slice
fallback time relative to peak. We show results for y-law (blue lines) and
T+13 (green lines) EOSs. There is significantly more dissipation for the latter
EOS due to pre-nozzle stream expansion driven by H recombination and Hj
formation.

show As. in the ATHENA++ simulations for all stream slices.
For the T+13 EOS, we interpolate the specific entropy from
the EOS table. For the y-law EOS, the specific entropy is
s =cyInp/p?, where cy = (y — 1)~ kg/um, is the specific
heat at constant volume.

The entropy increase for the T+13 EOS ranges from 0.7 to
2 erg/GK/g, while for the y-law EOS it is < 0.5 erg/GK/g.
With the T+13 EOS, dissipation increases quickly at fallback
times < 0.857,.x because those stream slices enter the ballistic
regime while H recombination is ongoing and would otherwise
continue to drive stream expansion. At later fallback times,
the trend continues with a shallower slope due to ongoing H,
formation.

With the y-law EOS, the amount of dissipation is sensitive
to the phase of the quadrupolar oscillations at the transition to
the ballistic regime. For the stream slice at #f/fpeax = 0.85,
the vertical width happens to be at a trough in the oscillation
at the transition, reducing the energy available to dissipate at
the nozzle. As a result, the change in specific entropy is an
order-of-magnitude smaller than the other stream slices.

The strength of the shock can alternatively be described by
the Mach number. Using the shock jump conditions with a
v = 5/3 EOS, the change in specific entropy is related to the
Mach number in the strong shock limit by,

2y(y - DY M,
(y+1r#! 9)
=~ (0.50In Mg, — 0.52) erg/GK/g

With a y-law EOS, the typical Mach number of the nozzle
shock ranges from 5 to 10.

With a T+13 EOS, this calculation no longer holds because
the gas is ionized at the shock. The relationship between As,
and Mg, depends on the fraction of energy that goes into
ionization, and thus on the pre-shock density. However, we
can estimate the Mach numbers for the fiducial stream slice
using the data from Figure 10, which gives values around 60.

As = cyIn

3.5. Affine model evolution on the second orbit

The orbital planes of all fluid elements intersect along a
line. When the intersection line crosses the orbit, the fluid
elements are ballistically focused towards the xy-plane until
enough pressure builds up to reverse the collapse (Carter &
Luminet 1983; Stone et al. 2013). The intersection line passes
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through the BH and lies parallel to the orbital velocity at the
point in the first orbit where 9, H changes sign (Luminet &
Marck 1985).

This construction always produces two focal points: one
close to pericenter < 2r, responsible for the extreme vertical
compression at the nozzle and one at larger radii (Bonnerot
& Lu 2022). At the nozzle, the intersection line precesses in
the direction of motion because the vertical pressure gradient
torques the inclined orbits of the fluid elements (Bonnerot &
Lu 2022). In Figure 14, we show the post-nozzle orientation
of the intersection line for the fiducial stream slice. The in-
tersection line crosses the orbit at 77 r,, (resp. 124 rp) with a
T+13 (resp. y-law) EOS.

We also show the vertical stream width as a function of
radius, including the affine model evolution on the first orbit,
the ATHENA++ evolution during the pericenter passage, and the
affine model evolution on the second orbit. For the latter, we
show 3 versions of the evolution: with dissipation at the nozzle,
calculated with the second affine model; without dissipation,
calculated with the first affine model; and purely ballistic,
calculated by removing pressure terms from the second affine
model. These are effectively a series of decreasing pressure in
the post-nozzle stream.

In the purely ballistic evolution, the vertical stream height
goes to zero at the second focal point, since there are no
pressure gradients to resist the collapse. When pressure is
included, but no dissipation, there is modest vertical compres-
sion to about 2 Ry with a T+13 EOS. The compression is less
extreme than at the nozzle because tides are weaker at larger
radii. With a y-law EOS, the second focal point occurs even
further out, so pressure gradients almost entirely prevent the
collapse.

When dissipation is included, the enhanced pressure gradi-
ents completely resist the collapse for both EOSs and drive
significant stream expansion. With a T+13 EOS, stream ex-
pansion on the second orbit is additionally augmented by H re-
combination. Because pressure gradients dominate over tides
for portions of the second orbit, the stream widths depend on
the amount of dissipation at the nozzle.

The other stream slices have similar post-nozzle evolution,
except for the most bound stream slices. These have equilib-
rium points before apocenter, which sets up a second focal
point before the nozzle, producing extra density peaks in Fig-
ure 8.

During ballistic evolution, there are also in-plane focal
points where the debris stream collapses towards its center-
line (Kochanek 1994). On the second orbit, there is an in-
plane focal point at 94 r, (resp. 93 rp) with a T+13 (resp.
y-law) EOS where the stream collapses to an in-plane width
0.6 Ry (0.2 Ry). The stream collapses in the plane despite
the pressure gradient force because the effective in-plane tidal
force on the second orbit is enhanced by strong in-plane shear
(Eq. B14).

3.6. Conditions at the self-intersection
For anon-spinning BH, the argument of periapse w advances
per orbit by approximately dw = 67 (1 + )~ (ry/rp), where
re = GM,/ c? is the BH gravitational radius. Treating the orbit
as an ellipse with instantaneous precession at pericenter (Dai

et al. 2015), the orbit self-intersects at radius and angle

B (I+e)rp 10

METC ecos(6w/2) (10)
1-2 2 2

cos Oy = cos(dw/2)e + cos(dw)e (1

1 —2cos(6w/2)e + e

where Qg is the angle between the incoming and outgoing
stream velocities (Fig. 1). These expressions match the exact
solutions given by integrating the geodesic equation in the
Schwarzschild spacetime for TDEs with r, / < 0.1 (Lu &
Bonnerot 2020).

The tangential and radial components of the two colliding
stream velocities are parallel and antiparallel respectively, so
only the kinetic energy associated with the radial motion is
dissipated in the self-intersection. To lowest order in rg/r)
and 1 — e, the radial velocity at the self-intersection point is

Vi ( 2 1-e
Fsi/tg  1plTg

c

1/2
) sin(©;/2)
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where Qg = Q/10°.

Using Kepler’s 3rd law ¢ = —(1/2)(27TGM./t%b)2/3, the
specific orbital energy changes on atimescale £/|&| = (3/2)tg.
Approximating the orbits as radial and parabolic, the differ-
ence in fallback time between the incoming and outgoing
streams at self-intersection is Arg, ~ (2/3)(2r)/GM,)"2.
For our TDE parameters, we have /|&| > Aty, for tg >
(4/9)(2r}/GM,)"/? = 2 day. This is before even the most
bound material returns to the BH (Fig. 4), so we ignore the
difference in orbital properties between the incoming and out-
side stream.

In Figure 15, we show the radial velocity, intersection angle,
radial coordinate, and incoming and outgoing stream widths
at the self-intersection. The incoming and outgoing stream
widths are calculated using the first and second affine models
respectively. We also show the outgoing stream widths in the
case of zero dissipation at the nozzle, calculated using the first
affine model.

The typical self-intersection properties are vy, = 0.0lc,
Oy ~ 160°, and rg ~ 50 — 70 rp,. The typical stream widths
at self-intersection are tens of (resp. a few) solar radii with a
T+13 (resp. y-law) EOS. However, we may underestimate the
in-plane stream width because we do not include the effect of
differential apsidal precession (Sec. 4.4).

The most bound stream slices have larger in-plane stream
widths due to their larger in-plane widths in the affine model
initial conditions (Sec. 3.1). With a y-law EOS, the incoming
and outgoing stream widths are similar, regardless of dissi-
pation at the nozzle, similar to Bonnerot & Lu (2022). This
is possible, despite our results in Section 3.5, because devi-
ations from ballistic evolution only appear near the second
focal point, which lies far outside self-intersection radius for
the y-law EOS (Fig. 14).

With a T+13 EOS, the second focal point occurs close to
the self-intersection, slowing the expansion of the outgoing
stream as it approaches the self-intersection. As a result,
the incoming stream width is larger than the outgoing stream
width by a factor of a few, similar to Kochanek (1994), who
also include H recombination. This also makes the outgoing
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FiG. 14.— The vertical stream width as a function of radius for the fiducial stream slice with a T+13 (left panel) and y-law (right panel) EOS. We show the affine
model evolution on the first orbit (blue lines), the ATHENA++ evolution during pericenter passage (green lines), and the affine model evolution on the second orbit
(red lines). For the latter, we show 3 versions: default (solid lines), calculated with the second affine model; no dissipation (dashed lines), calculated using the
first affine model; and purely ballistic (dotted lines), calculated by removing pressure terms from the second affine model. Where the intersection line (IL) crosses
the orbit (top left corner of each panel), there are focal points: one near pericenter and one at 77 r, (resp. 124 rp) for the T+13 (resp. y-law) EOS. Pressure
gradients, enhanced by dissipation at the nozzle, prevent collapse at the second focal point that would otherwise occur. Because pressure gradients dominate over
tides for portions of the second orbit, the stream widths depend on the amount of dissipation at the nozzle.

stream height sensitive to dissipation at the nozzle.

The discrepancy between incoming and outgoing stream
heights suggests that for a realistic EOS, only a fraction of the
incoming debris stream participates in the self-intersection,
substantially reducing the energy available to dissipate at the
self-intersection shock.

3.7. Convergence test

In Figure 16, we show the stream widths as a function of
time for the fiducial stream slice with a T+13 EOS over a
series of ATHENA++ simulations with different resolution and
initial temperature. We show the evolution at the nozzle and
on second orbit using data from the ATHENA++ simulations
and the second affine model respectively. We also show the
evolution with no dissipation using data from the first affine
model, using the fiducial initial temperature.

We decrease the central resolution compared to fiducial
value 7.0 x 1077 Ry, by changing the size ratio between neigh-
boring cells on our logarithmic grid, but we leave the number
of cells fixed at 2'4 = 16384. The lowest central resolution
we consider is 3.1 x 1074 Rg, which is larger than our fiducial
resolution by a factor 520 and certainly does not resolve the
nozzle shock.

The stream widths on the second orbit are sensitive to the
amount of dissipation at the nozzle, with more dissipation pro-
ducing larger stream widths. As the resolution increases, there
is less numerical dissipation and the stream widths decrease
asymptotically towards their physical values, converging for
AZmin < 5% 107® Ry. Near the nozzle, the differences in
stream widths are less apparent because the evolution there is
dominated by tides.

We also vary the initial temperature of the stream slice at
the start of the ATHENA++ simulation. We use values 1000,
2000, 3000, 4000, and 5000 K, which cover above and below
the value of 3139 K in our fiducial simulation. As the initial
temperature increases, the Mach number of the nozzle shock
decreases, reducing dissipation and increasing stream widths.
These results demonstrate that in order to accurately predict
the outgoing stream properties at self-intersection, one must
resolve the nozzle shock and accurately model the thermody-
namics of the stream.

4. DISCUSSION

4.1. Comparison to previous work

60 EOS
—o— y-law
50 1 —e— Tomida+2013

incoming
== outgoing

+ outgoing (no dissipation) __ge————a——""

tfb/tpenk

FiG. 15.— The radial velocity (first panel), intersection angle (second panel),
radial coordinate (third panel), stream vertical widths (fourth panel), and
stream transverse widths (fifth panel) at the self-intersection for all stream
slices as a function of by their fallback time relative to peak. The incoming
(solid lines) and outgoing (dashed lines) stream widths are calculated using
the first and second affine models respectively. We also show the outgoing
stream widths in the case of zero dissipation at the nozzle (dotted lines),
calculated using the first affine model. We show results with y-law (blue line)
and T+13 (green line) EOSs. With a y-law EOS, the incoming and outgoing
stream widths are similar, regardless of dissipation at the nozzle. With a T+13
EOS, the incoming stream width is larger than the outgoing stream width by a
factor of a few, and the outgoing stream width is sensitive to dissipation at the
nozzle. We may under-estimate the in-plane widths of the outgoing stream,
since we do not include differential apsidal precession (Sec. 4.4).
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FiG. 16.— The vertical (solid lines) and in-plane (dashed lines) stream widths
as a function of time for the fiducial stream slice with the T+13 EOS, varying
the resolution at the center of the stream slice (top panel) and the initial
temperature (bottom panel) in the ATHENA++ simulations. We show the
evolution at the nozzle (inset panels) and on second orbit (main panels) using
data from the ATHENA++ simulations and the second affine model respectively.
We also show the evolution with no dissipation using data from the first affine
model (red lines). We indicate each resolution and initial temperature by its
color in the color bar of the corresponding panel, labeling the fiducial value
with an annotation. The stream widths on the second orbit are sensitive to the
degree of dissipation at the nozzle, with more dissipation producing larger
stream widths. As the resolution increases, there is less numerical dissipation
and the stream widths decrease asymptotically towards their physical values,
converging for Azmin < 5 X 107® Ry. As the initial temperature increases,
the Mach number of the nozzle shock decreases, reducing dissipation and
increasing stream widths. These results demonstrate that in order to accurately
predict the outgoing stream properties at self-intersection, one must resolve
the nozzle shock and accurately model the thermodynamics of the stream.

Only a few previous works on the debris stream evolution in-
clude chemical processes (Kochanek 1994; Kasen & Ramirez-
Ruiz 2010; Coughlin 2023; Steinberg & Stone 2024), and even
then they typically only include H recombination. Our results
demonstrate that H recombination and H, formation have a
significant impact on the debris stream, the nozzle shock, and
stream self-intersection. They are essential to include in future
work on debris stream dynamics and early circularization.

In contrast to previous work, we find that dissipation at
the nozzle produces neither rapid stream expansion (Lee &
Kim 1996; Ayal et al. 2000; Guillochon et al. 2014; Shiokawa
et al. 2015; Ryu et al. 2023; Steinberg & Stone 2024) nor
minimal stream expansion (Bonnerot & Lu 2022; Fitz Hu
et al. 2025; Kubli et al. 2025). Instead, dissipation at the
nozzle broadens the post-nozzle stream by a factor of a few at
the self-intersection point, and a factor of several at apocenter.

Previous work shows that the post-nozzle stream width is not
converged at the resolution of most 3D simulations (Price et al.
2024; Huang et al. 2024), so 3D simulations that find rapid
stream expansion may be dominated by numerical dissipation
at the nozzle. In the BH frame, the kinetic energy at the nozzle
is dominated by the orbital motion, so even a little numerical
dissipation can dramatically overestimate the physical value
(Bonnerot & Lu 2022).

On the other hand, simulations that find minimal stream
expansion do not include chemical processes. In our simu-
lations, chemical processes modify the timing of the second
focal point such that pressure gradient forces can drive stream

expansion before self-intersection (Fig. 14). The importance
of pressure in the post-nozzle stream was acknowledged by
Bonnerot & Lu (2022) but not analyzed in detail.

This result depends sensitively on the dynamics during the
first orbit, which sets the initial location of the second focal
point, and on the compression and dissipation at the nozzle,
which determines the amount by which the intersection line
precesses. Therefore, the post-nozzle stream evolution may
need to be analyzed for each new TDE setup on a case-by-
case basis. In Bonnerot & Lu (2022), the second focal point
is delayed until the end of the second orbit as the stream
slice returns to pericenter. The difference in intersection line
orientations may result from our higher penetration factor.

4.2. Implications for 3D simulations

At pericenter, the orbital velocity is vem/c = (1 +
e)l/z(rg/rp)l/2 ~ 0.3ﬂ1/2Qé/3. The nozzle shock takes place
over Aty, = 1 s (Fig. 6), or equivalently, over a distance
Ax]y, = VorbAtnoz, = 0.1 Re. In the radial and vertical direc-
tions, the debris stream gets compressed to Ay;,, =~ 3 Rg and
AZnoz = 1074 Ry respectively. Because Azno, << Ay}, AXpo,s
the nozzle shock occurs in a 2D pancake-shaped region.

Several Eulerian finite-volume codes have been used in 3D
global TDE simulations, including FLASH (Fryxell et al.
2000) e.g. Guillochon & Ramirez-Ruiz (2013); KORAL (Sa-
dowski et al. 2013) e.g. Sadowski et al. (2016); ATHENA++
e.g. Huang et al. (2024); and H-AMR (Liska et al. 2022)
e.g. Andalman et al. (2022). To date, no such simulation has
fully resolved the vertical compression at the nozzle, even with
static/adaptive mesh refinement (SMR/AMR).

Eulerian codes also struggle with high Mach flows because
the internal energy is a small fraction of the total energy, so
small truncation errors in the total energy can introduce large
errors in the internal energy (Ryu etal. 1993; Bryan etal. 1995;
Feng et al. 2004). In the debris stream, the gas can reach Mach
numbers > 10* in the BH frame, even with H, formation which
keeps the gas temperature > 3000 K. Our convergence tests
(Sec. 3.7) indicate that one cannot get around this issue by
increasing the gas temperature by-hand without affecting the
accuracy of the stream widths on the second orbit.

Another approach is to use a finite-mass SPH code such as
PHANTOM e.g. Bonnerot et al. (2016) and SPH-EXA (Cabezén
et al. 2025) e.g. Kubli et al. (2025). For a mass fallback rate
My, ~ Mg /yr, the mass in the nozzle region is MpAty, =
3x 1078 My. To resolve the nozzle region with 10 SPH
particles across each dimension, one requires > 3 x 10'° SPH
particles, which is consistent with the SPH particle numbers
required for the post-nozzle stream width to converge (Kubli
et al. 2025).

There are also hybrid techniques that combine the advan-
tages of explicit advection and Riemann-solver-based fluxes.
These include moving mesh codes like AREPO (Springel
2010) e.g. Goicovic et al. (2019) and RICH (Yalinewich et al.
2015) e.g. Steinberg & Stone (2024) and the meshless finite-
mass and finite-volume code GIZMO (Hopkins 2015) e.g.
Pacuraru et al. (2025). These methods are promising for TDE
simulations but are relatively new, and more work is needed to
characterize their behavior in extreme shear and compression
flows like at the nozzle.

4.3. In-plane gradients at the nozzle

Our 1D treatment of the nozzle shock cannot capture the
effect of in-plane pressure gradients. However, we expect



them to have a small effect on the dynamical evolution of the
debris. Near pericenter, strong tidal torques align the stream
slice normal with the orbital velocity, so § and X’ are oriented
radially and azimuthally respectively.

Pressure gradients in the §’-direction are radial, so they
cannot change the angular momentum. However, they might
induce a spread in orbital energies if they produce a significant
change in velocity relative to the orbital velocity. Using values
for the fiducial stream slice at the nozzle (Fig. 10), the relative
change in velocity is

p Athoy
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This is a small number, so pressure gradients in the §’-direction
are not important for the dynamical evolution of the debris.

Itis most convenient to treat the X’-direction by shifting from
the orbital frame to the BH frame. Time derivatives in the
orbital and BH frames are related by d;|oy = 0;|BH + VorbOx’ -
We expect time derivatives in the BH frame to be much smaller
than those in the orbital frame because the timescale of seconds
spent at the nozzle is much shorter than the timescale of days
over which the properties of the fallback change. Therefore,
we ignore the term 0, |gy.

We estimate the change in orbital velocity associated with
the pressure gradient force as
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This is a small number, so pressure gradients in the X’-direction
are not important for the dynamical evolution of the debris.
The net change in orbital velocity would be even smaller for
a more sophisticated calculation, because force contributions
before and after the nozzle would partially cancel out.

We can also discount the possibility that the nozzle shock
launches pressure waves in the X'-direction into the pre-
shocked, because the sound speed is much smaller than the
orbital velocity at pericenter (Bonnerot & Lu 2022). We con-
clude that the in-plane evolution at the nozzle is almost entirely
ballistic, consistent with the assumption in our ATHENA++ sim-
ulations. Fundamentally, this is because the energy budget at
the nozzle is dominated by kinetic energy associated with the
orbital motion. At most, the nozzle shock can dissipate all of
the kinetic energy associated with the vertical motion, which
is only a small fraction of the orbital kinetic energy.

4.4. Differential apsidal precession

As the debris passes through pericenter, it is deflected onto
a self-intersecting trajectory by relativistic apsidal precession,
leading to a stream-stream collision (Sec. 3.6). At each orbital
energy, the debris has a small spread in angular momentum,
so different fluid elements have slightly different pericenters,
resulting in differential apsidal precession (DAP) across the
in-plane width of the stream (Evans & Kochanek 1989). DAP
produces a spread in argument of periapse (Bonnerot & Lu
2022),
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The resulting modification to the fluid velocities effectively
produces a kick in the §’-direction at pericenter with magni-
tude vorp Sin(Adw/2), which can cause the debris stream to
geometrically fan (Evans & Kochanek 1989; Gafton & Ross-
wog 2019). The X’-velocities are also modified, but only to
second order in y’ because v, decreases on both sides of the
central fluid element.

The in-plane stream width at self-intersection due to DAP
is approximately 7g; - Adw, which gives 74 R, for the fiducial
stream slice, dominating the width 12 Ry from Newtonian
evolution alone (Fig. 15). We test this prediction more directly
by adding the DAP kick at pericenter by hand in the affine
model. The in-plane width at self-intersection of the resulting
post-nozzle stream closely matches our estimate.

These calculations show that broadening induced by DAP
must be included to accurately determine the outgoing stream
properties at self-intersection, even for only modestly rela-
tivistic TDEs. We leave a more careful treatment of this effect
to future work.

Surprisingly, this in-plane expansion only produces a small
change in the vertical stream height compared to our previous
analysis (Sec. 3.5) because chemical processes make the gas
pressure only weakly sensitive to changes in density, effec-
tively decoupling the vertical and in-plane evolution.

DAP also acts on the star during the initial disruption. How-
ever, the stream is initially confined by self-gravity, so rather
than increasing the in-plane stream width, we expect it to mod-
ify the phase and amplitude of the quadrupolar oscillations.

4.5. Nodal precession

If the BH has angular momentum, then the stream is de-
flected onto a different orbital plane by relativistic nodal pre-
cession, leading to a vertical offset at the self-intersection or
even a complete miss (Kochanek 1994; Dai et al. 2013; Guil-
lochon & Ramirez-Ruiz 2015; Hayasaki et al. 2016; Jankovic
et al. 2024), delaying the self-intersection for several orbits
(Stone & Loeb 2012).

Consider a BH with dimensionless spin y and a debris
stream with inclination i relative to the BH spin. We es-
timate the per-orbit advance in the argument of periapse w
and the longitude of the ascending node €2 including de Sitter
terms, Lense-Thirring terms, and quadrupole terms (Merritt
2013; Guillochon & Ramirez-Ruiz 2015). The advance in the
longitude of the ascending node rotates the angular momen-
tum of the debris stream by 6Q2sini. At the self-intersection
radius, the vertical offset of the streams is Az ~ 70 sini.

For mildly relativistic disruptions rg/r, < 0.02, the verti-
cal offset increases with rg/r;, because there is greater nodal
precession. However, for more relativistic disruptions, the
trend reverses because greater apsidal precession shrinks the
self-intersection radius.

In Figure 17, we show the ratio of the total vertical stream
width to the vertical offset at self-intersection for several BH
spins and all stream slices as a function of fallback time rel-
ative to peak. We average over an isotropic distribution of
prograde and retrograde inclinations. If this ratio is less than
unity, then the stream will miss the first self-intersection for
most inclinations. If this ratio is greater than unity, then its
reciprocal indicates the typical relative vertical offset of the
streams at self-intersection.

A complete miss is more likely for prograde orbits, which
tend to enhance the nodal precession and reduce apsidal pre-
cession. With a y-law EOS, complete misses are likely for all
stream slices, even for small BH spins. With a T+13 EOS,



16

misses are only likely for high BH spins > 0.6 and < —0.8.
Even when the streams do not miss, there is likely to be a
significant vertical offset.

The chance of missing decreases at later fallback times be-
cause later stream slices spend more time in the hydrostatic
regime on their first orbit, where they are inflated by contin-
uous H, formation (Fig. 17). For some carefully chosen BH
spins, the self-intersection would only be missed at early times,
so there could be a discontinuous change in the efficiency of
circularization.

There will also be differential nodal precession, which ef-
fectively rolls the debris stream about X’ as different fluid
elements are deflected onto different orbital planes (Bonnerot
& Lu 2022). The effect is only significant for more relativis-
tic TDEs with high spins, because the leading-order term in
the nodal precession angle scales o« (rg /rp)3/ 2 compared to
o ry /1y for the apsidal precession angle.

4.6. Emission from the self-intersection point

Here we consider the simplified case of identical, cylindri-
cal incoming and outgoing streams with zero vertical offset.
The self-intersection shock converts the combined kinetic en-
ergy of the streams into radiation. If the optical depth at the
shock were small, then the radiation would escape, producing
a luminosity Ly =~ Zbevf’Si ~ 1043ﬂ3Q§ erg/s (Eq. 12).

In practice, the shock region is optically thick (Lu & Bon-
nerot 2020), with an optical depth
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where pg and Hg; are the density and cylindrical radius of the
stream at self-intersection. We have used typical values at
self-intersection with a T+13 EOS (Fig. 15). The fallback rate
is related to the stream properties by My, =~ nHSZipsivr,si. The
gas is fully ionized by the self-intersection shock, so we use
the electron scattering opacity «, ~ 0.34 cm?/g.

The high optical depth implies that the radiation is ini-
tially trapped. Internal energy is quickly converted into quasi-
spherical bulk motion by adiabatic expansion, forming a wind
with density profile p(r) = 2Mp,/ (47r?vy,), where vy, ~ v, i
is the wind velocity.

The radiation remains trapped until the effective photon dif-
fusion velocity ¢/t = c¢/kp(r)r is comparable to the wind ve-
locity, which occurs at the trapping radius (Strubbe & Quataert
2009)
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At the trapping radius, the remaining internal energy is ra-
diated away. The specific internal energy of radiation scales

as € o p!/3 o« r=2/3, 50 the resulting luminosity is

~2/3
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H (18)
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For our TDE parameters (8 = 2, Q¢ = 1), the luminosity
is slightly below observed TDE peak luminosities 10*erg/s
(Hinkle et al. 2020). The increase in stream thickness by a

factor ~ 5 due to chemical processes only mildly boosts the

luminosity of the self-intersection shock, since L o Hszi/ 3

For more massive SMBHs, such as the 10’ M BH con-
sidered by Huang et al. (2023), or deeper disruptions, Equa-
tion 18 gives significantly higher luminosities due to the larger
stream velocities. However, we have only considered the most
optimistic case of identical streams with zero vertical offset.
Our earlier results suggest that most self-intersections occur
with significant differences in incoming and outgoing stream
widths (Fig. 15) and vertical offsets (Fig. 17). Alternatively,
the luminosity may have a significant, or even dominant, con-
tribution from secondary circularization and accretion shocks
in the outflow as suggested by Lu & Bonnerot (2020).

4.77. Deviations from homologous evolution

The affine model is a first order expansion of the fluid
equations about the center of each stream slice in the or-
bital plane. This is a good approximation for the tidal force
as long as H/r. < 1. However, the approximation is less
valid for the pressure gradient and self-gravitational forces in
the outer layers of the stream. The affine model solutions
should only be trusted at small cylindrical radii. Likewise, our
ATHENA++ simulations should only be trusted at small verti-
cal heights. The largest errors occur near the surface of the
stream, which affects the breakout of the outward-propagating
shock launched at the nozzle.

For our implementation of arbitrary EOSs in the affine
model, we assume that K is a constant throughout the vertical
stream slice profile. Ideally, K should evolve independently
for each fluid element according to the EOS. H recombination
likely begins in the colder outer layers of the stream and grad-
ually moves to smaller cylindrical radii as a recombination
front (Kasen & Ramirez-Ruiz 2010; Coughlin et al. 2016a;
Coughlin 2023). This creates a positive entropy gradient with
cylindrical radius that reduces the negative pressure gradient
in the debris stream. This effect could reduce the impact of
H recombination on the stream widths, although the impor-
tance of the effect depends on how fast the recombination
front reaches the center of the debris stream.

Deviations from homologous evolution desynchronize the
stream collapse at ballistic focal points. However, if the largest
deviations occur in the outer layers of the stream, then the
homologous description still captures the key dynamics at the
nozzle (Stone et al. 2013).

4.8. Radiative cooling

As the debris stream expands, its optical depth decreases be-
cause the density falls faster than the stream width increases.
H recombination further decreases the optical depth by remov-
ing free electrons from the gas, which dominate the opacity in
ionized gas through scattering and bound-free transitions.

If the stream becomes optically thin, the recombination en-
ergy could radiate away, forcing the stream to shrink to main-
tain hydrostatic balance (Coughlin et al. 2016a). Kasen &
Ramirez-Ruiz (2010) hypothesized that the resulting emission
would produce a recombination transient. However, Coughlin
(2023) argue that Kasen & Ramirez-Ruiz (2010) underesti-
mate the optical depth because they neglect the hydrostatic
phase of the debris stream evolution, and thus overestimate
the stream expansion. Assuming an opacity from electron
scattering, Coughlin (2023) and Steinberg & Stone (2024)
estimate stream optical depths > 10° at recombination.

Even if the stream does not become optically thin during
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FiG. 17.— The ratio of the total vertical stream width to the vertical offset at self-intersection for several BH spins and all stream slices as a function of fallback
time relative to peak. We average over an isotropic distribution of prograde (solid lines) and retrograde (dashed lines) inclinations. We show results with y-law
(blue lines) and T+13 (green lines) EOSs. We indicate the BH spin parameter by its color the color bar for the corresponding EOS. If this ratio is less than unity,
then the stream will miss the first self-intersection for most inclinations. If this ratio is greater than unity, then its reciprocal indicates the typical relative vertical
offset of the streams at self-intersection. With a y-law EOS, complete misses are likely for all stream slices, even for small BH spins. With a T+13 EOS, misses
are only likely for high BH spins > 0.6 and << —0.8. Even when the streams do not miss, there is likely to be a significant vertical offset.

recombination, it could still become optically thin at later
times on the first orbit. In the ballistic regime, radiative cooling
would not cause the stream to shrink, but the loss of internal
energy would lead to more dissipation at the nozzle (Fig. 16).

We estimate the stream opacity using detailed low-
temperature opacity tables from Aesopus (Marigo & Aringer
2009; Marigo et al. 2022, 2024) with solar abundances (Magg
etal. 2022), metallicity Z = 0.02, and Hydrogen mass fraction
X = 0.7 consistent with our T+13 EOS. Using the density and
temperature evolution of the fiducial stream slice for the T+13
EOS, we bi-linearly interpolate the logarithmic Rosseland
mean opacity log kg in logT-log R space, where R = p /T63
and Ty = T/10° K.

After apocenter, the opacity is roughly constant at kg =
0.040 cm?/g, roughly an order-of-magnitude lower than the
electron scattering opacity for ionized gas 0.34 cm?/g. The
dominant contributions to the opacity in the neutral stream are
bound-free and free-free transitions in H~ ions and absorption
features in molecules like H,O and TiO. These effects are not
included in the opacity calculation of Kasen & Ramirez-Ruiz
(2010), leading them to underestimate the opacity by several
orders of magnitude.

Using typical values near apocenter, the photon diffusion
time is

2
pkrH H P KR
tdiff ~ H=1.6 h
aift c (30 Ro) 10~2 g/cm? 0.04 g/cm? '
(19)

This is short compared to the orbital period of 26 days. How-
ever, on the first orbit, the stream is highly gas-pressure dom-
inated Braq = 2 x 10%, so the radiative cooling timescale is
significantly longer, fcool ~ Bradfdif = 3.7 yr. This exceeds
the orbital period by more than an order-of-magnitude, so our
adiabatic treatment is reasonable.

Due to dissipation at the nozzle, the debris stream is hotter
~ 2 x 10* K on the second orbit, and thus there is more
energy in radiation, Brq 2 200. However, the opacity is also
higher because the gas is ionized, so the cooling timescales are
similar to the first orbit. The cooling timescale only becomes
comparable to the orbital period if the stream misses the self-
intersection and returns to pericenter on the second orbit.

4.9. Magnetic fields

Sun-like stars have typical surface magnetic field amplitudes
from 1 — 10 G. There is no direct measurement of magnetic
field amplitudes in stellar interiors. The strongest constraints
for the Sun come from helioseismology, which give < 300 kG,
but these are only loose upper bounds (Rashba et al. 2007).
The initial field amplitude By in the debris stream could fall
anywhere in this range. The earliest fallback < 0.4 #peqx would
sample the outer convective zone of a sun-like star > 0.7 Rg
where magnetic fields are expected to be much weaker than
the interior.

3D magneto-hydrodynamic simulations show that the X’-
component of the magnetic field is amplified by tidal stretch-
ing due to magnetic flux conservation (Bonnerot et al. 2017;
Guillochon & McCourt 2017; Pacuraru et al. 2025), producing
a field strength B = ByR2/(HA) (Bonnerot & Lu 2022).

As the stream returns to pericenter and gets compressed, the
magnetic pressure B>/87 grows as oc (HA)~2, while gas and
radiation pressure grow more slowly as oc (HA) ™. Therefore,
the impact of magnetic fields is maximized at the nozzle. For
the fiducial stream slice, magnetic pressure exceeds gas and
radiation pressure at the nozzle for an initial field amplitude,

Pgas + Prad )1/2 Hyoz Aoz G (20)

Bo 2 150 (1010 erg/cm? 10-* Ry 3 Ro
We have used the pressure just before the nozzle shock
10'° erg/cm?, which is smaller than the pressure at the nozzle
shock by a factor 10*. This calculation suggests that magnetic
pressure may reduce the vertical collapse at the nozzle, and
thus the dissipation, relative to our results with no magnetic
fields. Therefore, our results should be considered the limit of
a weak initial field.

In a recent calculation, Pacuraru et al. (2025) show that
for strong > 10 kG initial fields, magnetic pressure drives
debris stream expansion during the first orbit. However, they
acknowledge that this expansion may be overpowered by H
recombination, which they do not include.

They also show that H recombination may initiate Ohmic
dissipation in the stream if the ionization fraction falls be-
low x = ne/ny, ~ 107'*. For the fiducial stream slice, this
condition is met when the stream recedes past 120 r, on the
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first orbit. Ohmic dissipation may heat the stream through
magnetic reconnection events between anti-parallel field lines,
which would naturally be produced by an initial toroidal or
tangled stellar magnetic field. A similar process may occur in
synchrotron-emitting non-thermal filaments near the Galac-
tic center (Coughlin et al. 2021). In the TDE context, this
possibility should be investigated by future work.

5. CONCLUSION

The emission from TDEs is powered by a combination of
circularization and accretion of bound stellar debris. In this
paper we analyze the role of the nozzle shock produced as the
debris returns to pericenter and undergoes extreme vertical
compression. We use an idealized model combining 3D SPH
simulations and the semi-analytic affine model to generate ini-
tial conditions for 1D finite-volume hydrodynamic simulations
which can unambiguously resolve the nozzle shock. Because
our model is computationally cheap, we can analyze the de-
bris stream dynamics across a wide range of fallback times
using a realistic EOS. We analyze the role of H recombination
and H; formation in expanding the stream prior to the nozzle
shock, the formation of the nozzle shock and its associated
energy dissipation, and the interplay between pressure gradi-
ent and tidal forces that set the properties of the stream at the
self-intersection point. We summarize our findings below.

(i) Pre-nozzle evolution and the role of recombination: The
stream width after the disruption is initially set by a bal-
ance between pressure gradient and self-gravitational
forces (hydrostatic regime), but eventually tidal forces
dominate (ballistic regime) (Fig. 6). The ballistic tra-
jectories of all fluid elements intersect at vertical and
in-plane focal points, compressing the stream against
pressure gradient forces. The vertical focal point near
pericenter, where tides are the strongest, is responsible
for the nozzle shock. H recombination broadens the
stream by a factor ~ 5 and H, formation adds an ad-
ditional order-unity factor (Fig. 5). This increases the
energy available to dissipate at the nozzle and maintains
a stream temperature around 3000 K (Fig. 12). The
most bound debris enters the ballistic regime at earlier
times, so it is less affected by the increase in pressure
due to H recombination. Chemical processes should be
included in future global simulations of TDEs.

(i) The nozzle shock: At the nozzle, the debris stream
reaches a vertical width 107 Ry (Fig. 9) before it is
reversed by pressure gradients, with similar contribu-
tions from gas and radiation. We do not include mag-
netic pressure, whose contribution depends on the am-
plitude of the initial stellar field, which is highly uncer-
tain (Sec. 4.9). Before maximum compression, a shock
forms and propagates towards the center of the stream,
where it collides with the shock from the other side of
the xy-plane (Fig. 10). The collision launches outward-
propagating shocks that reverse the collapse until they
break out of the stream surface. The gas isionized by the
inward-propagating shock and all fluid elements have a
similar net entropy increase after both shock encoun-
ters. The entire interaction takes place over seconds, a
small fraction of the orbital period of weeks to months.
To accurately resolve the nozzle shock in a Lagrangian
code, the required mass resolution is < 10~° M, at peak
fallback for our TDE parameters (Sec. 4.2).

(iii) Post-nozzle evolution: The orbital planes of all fluid el-
ements intersect along a line. The fluid elements are
ballistically focused towards the xy-plane where the in-
tersection line crosses the orbit: once at the nozzle and
once at larger radii. At the second focal point, pressure
gradients, enhanced by dissipation at the nozzle, re-
sist the collapse and drive significant stream expansion
(Fig. 14). This makes the post-nozzle stream widths
sensitive to pressure, and therefore to dissipation at the
nozzle. With a realistic EOS, the second focal point
occurs close to the self-intersection radius, so this ex-
pansion affects the outgoing stream properties at self-
intersection. This result depends sensitively on the dy-
namics during the first orbit, so the post-nozzle stream
evolution may need to be analyzed for each new TDE
setup on a case-by-case basis.

(iv) Geometry of the self-intersection: The expansion of the
stream due to H recombination and nozzle shock dissi-
pation increases the likelihood that the self-intersection
occurs, despite relativistic nodal precession. In our
simulations, the stream is only likely to miss the self-
intersection for dimensionless BH spins > 0.6 and
< —0.8 (Fig. 17). However, for most BH spins and in-
clinations, there is still a significant vertical offset. We
also find that at self-intersection, the outgoing stream is
thinner than the incoming stream by a factor of a few,
suggesting that only a fraction of the stream participates
in the self-intersection (Fig. 15). However, we caution
that the in-plane stream width of the outgoing stream
may be significantly enhanced by differential apsidal
precession, which we do not include here (Sec. 4.4).

(v) Emission from the self-intersection: The luminosity
generated at the self-intersection can explain observed
TDE luminosities for our TDE parameters (8 = 2,
Q = 10°), but only for the optimistic case of identical
streams and zero vertical offset. The expansion of the
stream due to chemical processes increases the luminos-
ity, but only by a factor of a few (Eq. 18). Alternatively,
the luminosity may have a significant, or even dominant,
contribution from secondary circularization and accre-
tion shocks in the outflow launched at self-intersection.

Our results clarify the nozzle shock’s role in circularization
in TDEs, providing a foundation for more realistic circulariza-
tion and emission models. The main limitation of our work
is that our results may be affected by differential apsidal pre-
cession (Sec. 4.4) and magnetic fields (Sec. 4.9), which we do
not include. These effects, and their interplay with chemical
process and ballistic dynamics, should be carefully analyzed
by future work.

Other parts of the TDE parameter space should also be
explored. Disruptions by more massive SMBHs up to 107 M,
produce a similar volumetric TDE rate to the 10° M, case (Yao
etal. 2023). Although more deeply penetrating TDEs are more
rare, some will be observed by LSST and may exhibit unique
signatures due to more extreme compression at the nozzle.
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stream thickness evolves due to the tidal force according to
AL o« 2GM,L/r®. These equations admit two solutions
L o« r? and L o r~'/2 which describe the evolution before and
after apocenter respectively (Sari et al. 2010; Bonnerot et al.
2022).

The tidal, pressure gradient, and self-gravitational forces in


http://doi.org/10.3847/1538-4357/ace0be
http://doi.org/10.3847/1538-4357/ad6c39
http://doi.org/10.3847/1538-4357/ab042c
http://doi.org/10.1093/mnras/stae580
http://doi.org/10.3847/1538-4357/acb8b0
http://doi.org/10.3847/0004-637X/830/2/125
http://doi.org/10.1088/0004-637X/714/1/155
http://doi.org/10.1086/307394
http://doi.org/10.1086/173745
http://doi.org/10.48550/arXiv.astro-ph/9901141
http://doi.org/10.48550/arXiv.2510.26663
http://doi.org/10.1086/160402
http://doi.org/10.3847/1538-4357/aa94c7
http://doi.org/10.1086/177305
http://doi.org/10.48550/arXiv.astro-ph/9611183
http://doi.org/10.1086/154925
http://doi.org/10.3847/1538-4365/ac9966
http://doi.org/10.1093/mnras/stz3405
http://doi.org/10.1093/mnras/212.1.57
http://doi.org/10.1051/0004-6361/202142971
http://doi.org/10.1046/j.1365-8711.1999.02853.x
http://doi.org/10.1051/0004-6361/200912598
http://doi.org/10.3847/1538-4357/ac9b40
http://doi.org/10.3847/1538-4357/ad7b27
http://doi.org/10.3847/1538-4357/ab9c9f
http://doi.org/10.3847/1538-4357/ab010f
http://doi.org/10.48550/arXiv.2511.14911
http://doi.org/10.1086/160511
http://doi.org/10.3847/1538-4357/ac2ee8
http://doi.org/10.1086/148005
https://arxiv.org/abs/2511.21818
http://doi.org/10.1093/mnras/stv2592
http://doi.org/10.1093/mnras/staa1962
http://doi.org/10.1088/0004-637X/806/2/164
http://doi.org/10.3847/2041-8213/ad6862
http://doi.org/10.1017/pasa.2018.25
http://doi.org/10.1111/j.1365-2966.2007.11626.x
http://doi.org/10.1038/333523a0
http://doi.org/10.3847/0004-637X/827/1/3
http://doi.org/10.1086/173051
http://doi.org/10.3847/1538-4357/acf5de
http://doi.org/10.1088/0004-637X/708/1/605
http://doi.org/10.1051/0004-6361/201118367
http://doi.org/10.1088/0004-637X/804/2/85
http://doi.org/10.1093/mnras/sts632
http://doi.org/10.1093/mnras/stw589
http://doi.org/10.1111/j.1365-2966.2009.15715.x
http://doi.org/10.1038/s41586-023-06875-y
http://doi.org/10.3847/1538-4365/ab929b
http://doi.org/10.1103/PhysRevLett.108.061302
http://doi.org/10.1093/mnras/stt1270
http://doi.org/10.1111/j.1365-2966.2009.15599.x
http://doi.org/10.1088/0004-637X/763/1/6
http://doi.org/10.1088/0004-637X/741/2/73
http://doi.org/10.1093/mnras/sty2809
http://doi.org/10.1088/0067-0049/216/2/35
http://doi.org/10.3847/2041-8213/acf216

the stream slice plane are approximately,

ar = (GM./r*)S o« S/r? (A1)
ap=(1/p)sp ~ (1/p)p/Secp"'71/S  (A2)
ag = 0s¢p ~2nGSp o< Sp (A3)

where for the moment we assume H = A = S.

In the hydrostatic regime, the pressure gradient and self-
gravitational forces are balanced ap ~ ag, which implies 5%
p"172. Combining this with the scalings for p and L before
apocenter, we find p o« r~2/T1=1 and § o p@-T/T-D
(Coughlin et al. 2016a; Coughlin 2023). For I'} = 5/3, this
gives p o 773 and S o r!/2, indicating that the stream slice
expands as it moves towards apocenter. As I’y approaches
unity, the expansion accelerates because the pressure gradient
forces become insensitive to changes in density. Repeating the
same calculation after apocenter, we find p oc r!/[2(T=D1 and
S oc 2=/ =D For I'; = 5/3, this gives p o >/ and
S o r~1/8 indicating that the stream slice continues to expand
as it falls back towards pericenter, albeit gradually.

The stream slice enters the ballistic regime when a, > ap, aq,

which occurs at a critical density p, = M, /(27r>), which we
refer to as the BH density following Coughlin et al. (2016a).
For I'y = 5/3, the density and the BH density have the same
scaling before apocenter, suggesting that the transition to the
ballistic regime is delayed until apocenter. In the hydrostatic
regime, the stream slice always expands, so d;S is positive at
the transition to the ballistic regime. In the ballistic regime,
the stream width evolves due to the tidal force according to
0%S o« ~GM,S/r3. The tidal force is always negative, so
eventually 9,5 changes sign. We refer to this point as the
equilibrium point (Bonnerot et al. 2022).

Similar to the stream thickness, the equations for r(¢) and
4%S admit two solutions S o r'/2 and S o r (Sari et al.
2010; Bonnerot et al. 2022). Bonnerot & Lu (2022) show
that when the vertical width follows the r!/2 (resp. r) solution
when the stream slice moves along its orbit parallel (resp.
perpendicular) to the intersection line. Similarly, the in-plane
width can take either scaling depending on the orbital motion
of the stream slice relative to the in-plane focal point. We can
estimate a range of possible scaling relations by considering
the set of scalings for H and A. Before apocenter, the density
scales between p o r~3 and o« r~*. After apocenter, the
density scales between p o #~'/2 and oc r=3/2,

Before apocenter, the ratio of pressure gradient to tidal forces
scales between ap/a, o 3730 and o 3741 The sign of
the exponent depends on the value of I'j. Pressure gradient
forces become stronger relative to tidal forces as the stream
moves towards apocenter for Iy < 1.2. Therefore, in this case
pressure gradient forces may be comparable to tidal forces even
after the stream slice enters the ballistic regime. Repeating the
same calculation after apocenter, we find a, [ag o« -T2

and oc rO731)/2 The sign of the exponent is never negative
for I'} < 5/3, so tidal forces always remain dominant.

B. AFFINE MODEL EQUATIONS

In this appendix, we describe our version of the debris stream
affine model developed by Kochanek (1994) and refined by
Bonnerot et al. (2022). In Section 2.3, we highlighted how
our version of the model differs from these previous works.
Here, we present the full model equations.
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Let r.(&) be the center-of-mass position of the stream slice
with specific orbital energy €. We define a vector £ = —dr./de
tangential to the line joining the stream slice centers of mass.
Using this vector, we construct a convenient non-inertial co-
ordinate system (x’,y’,z’) with origin r. and stream slice
orthogonal to X’. Specifically, the unit vectors are given by
X =0/, =2xX',andZ’ =7 where ¢ = ||| (Fig. 1).

It is convenient to define a vector I' = 9,£/¢, which can be
decomposed as I' = AX' + QF’, where A = 9,£/¢ = 0, - X' [¢
and Q = 9, - §' /€ denote the rate of longitudinal stretching
and the angular frequency of stream slice rotation respectively.
The angle @ between X’ and X evolves according to d;a = Q.
The center-of-mass of each stream slice moves on a Keplerian
orbit which can be followed analytically.

Due to the tidal force, £ evolves according to (Kochanek
1994)

1
5 (B1)

0%t GM., re-f
T ("‘3—“°)

Let 6 denote the angle between . and X and let 6 = @ — 6
denote the angle between £ and X’. Interms of I', Equation B1
becomes
or GM, ., A
— =——— (%' —3cosét,) — A (B2)
ot rg
Projecting onto the X" and §’-directions, we find (Bonnerot
et al. 2022)

o1 GM,

o022 - (1 =3cos’§) (B3)
ot r

o0Q GM, .

= 220 +3 cos 6 sin & (B4)
ot rg

Let H, A, and L denote the height, width, and thickness
of the stream slice in the Z, §’, and X’-directions respectively
(Fig. 1). Let A, A, and I denote the same quantities normal-
ized by their initial values. In the affine model, the stream
slice evolution is described by a linear transformation in the
orbital frame. By construction, the transformation matrix is
diagonal in our coordinate system with M = diag(L, A, A).
The density profile of the stream slice is scaled from the initial
density profile as p = po/det(M) = po/(LAR).

We define the entropy proxy K = p/p”. Let K denote the
entropy proxy normalized by its initial value. For a general
EOS, K may evolve because the specific entropy is not nec-
essarily proportional to In K. We assume that K is constant
throughout the stream slice profile. Ideally, K should evolve
independently for each fluid element according to the EOS, but
this behavior cannot be captured in an affine model because
it breaks the assumption of homologous evolution (Sec. 4.7).
The entropy proxy evolves according to

0K K dp

o = M=n=3, (BS)
where &;p = —p(Ad+ &, InA + &, In H) by the chain rule. We
evolve the entropy proxy, rather than the specific internal en-
ergy (Kochanek 1994), because the entropy is explicitly con-
served in the limit Iy — y. The temperature can be calculated
from the density and entropy proxy using the EOS, or it can
be evolved according to

or T dp
I rm-nige
(I3 )pat

ar (B6)
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The stream slice is subject to forces from pressure gradients,
self-gravity, the tidal field, and pseudo-forces produced by our
rotating coordinate system. Expanding to second order about
the center of the stream slice, the pressure gradient forces are
(Coughlin 2023)

10p  yK &po| p., 10dp
o, 2T a3l Yo
p Ay App. 00y pe°

—_——

(B7)
where subscripts 0 and c denote quantities evaluated at the
initial conditions and the center of the stream slice respectively.

If pressure and self-gravity are initially balanced in the
stream slice, then the density profile can be described by a
cylindrical polytrope with Emden index n = 1/(y — 1) satis-
fying the cylindrical Lane-Emden equation (Ostriker 1964),

1d{_d¥
c o (f—) = 9" (B8)
&dg \"dé

where s = ¢ is the cylindrical radius, p = p.9" is the

density, and a7, = (n + 1)K /(47Gpl='"). The boundary of
the stream slice occurs when the density becomes negative,
which occurs at émax = 2.6477 for Emden index n = 1.5.

The central second derivatives for a cylindrical polytrope

profile are

9?po _ 8%po _ _npeo _ _27T_sz,o (B9)
o)l @)l 2a? Y Peo
Substituting these expressions into Equation B7 yields
1dp 27GpeoK 1dp 27GpcoK
poy  (LAY-AY par - (EAy-Ar
(B10)

Making use of Gauss’s theorem and approximating the
circumference of the stream slice as n(H + A), the self-
gravitational forces are (Kochanek 1994)

9 arg—Le0 o 9P z) (B11)
L(H+A)

dy’ LA+A)Y ar T

By definition, . = A = H = K = 1 in the initial conditions. In
this case, the forces from pressure and self-gravity are equal
and opposite, consistent with our assumption of hydrostatic
equilibrium in the initial conditions.

In the Z-direction, the equation of motion is

2.7
P __1op 09 _GM., B12)

or? pdz bz 3

C

. YK o | pe,
p Oz Hpoe 0()2 pe™°

Substituting our expressions for the pressure gradient and self-
gravitational forces and dividing by z,, we find

0%l K 2 GM, .

—5 =21Gpey | — | - 5 H

ot (LA-'HY  LA+H) r
(B13)

In the §’-direction, the equation of motion is

azy'_ 1op d¢ GM,

a2~ pady  dy r

C

y'(1-3sin? ) - Q%Y —2Qv

(B14)
where v is the velocity perpendicular to the stream slice plane.
The last two terms are contributions from the pseudo-force due
to the rotation of the coordinate system ©2y’ and the in-plane
shear —2Q(y’ +v ) i.e. gas at y’ # 0 which moves along the
%’-direction with respect to the center of the stream slice. The
evolution of v is given by

v I GM ay’

5 37)) cosdsiné + o

Q- QY +v)) (BIS)

Substituting our expressions for the pressure gradient and self-
gravitational forces and dividing by y, we find

%A K 2

—5 =20Gpe0 | s T T A

ot (LA)-1AY  L(A+A)
om (B16)

- ——A(1 - 3sin’ ) - QA - 2Q9

rC

a9 GM, . . A .

B_IH =3 5 Acosssing+—-Q-A(QA+9))  (BIT)

where V|| denotes the parallel velocity normalized by its initial
value. For a more detailed derivation and explanation of these
equations, see Appendix A of Bonnerot & Lu (2022).
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